Published by Institute of Physics Publishing for SISSA/ISAS Received: May 12, 2003 Revised: February 13, 2004 Accepted: February 27, 2004

Bäcklund transformation of the noncommutative Gelfand-Dickey hierarchy

Zheng Zhong, He Jingsong and Cheng Yi

Department of Mathematics, University of Science and Technology of China Hefei, 230026 Anhui, P.R. China E-mail: zhengz@e-comtech.com, jshe@ustc.edu.cn, chengy@ustc.edu.cn

Abstract: We study the Bäcklund transformation of the noncommutative Gelfand- Dickey(ncGD) hierarchy. By factorizing its Lax operator into the multiplication form of first order differential operator, the noncommutative modified KdV(ncMKdV) hierarchy and the Miura transformations are defined. Our results show that the ncMKdV equations are invariant under the cyclic permutation, and hence induces the Bäcklund transformation of the ncGD hierarchy.

Keywords: Integrable Hierarchies, Integrable Equations in Physics.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep022004069 /jhep022004069 .pdf

Contents

1. Introduction 1

2. Noncommutative Gelfand-Dickey hierarchy 2

3. Bäcklund transformation of ncGD hierarchy 3

4. Concluding remarks 9

1. Introduction

Since it was introduced by I.M. Gelfand and L.A. Dickey [1], the Gelfand-Dickey(GD) hierarchy (or say n-KdV hierarchy) has attracted a lot of attention in the research of integrable systems. The procedure for Hamiltonian theory of GD hierarchy as developed by M. Adler [2], I.M. Gefland and L.A. Dickey [1] becomes an efficient approach to researching the integrable system based on the (Pseudo-)differential operator in terms of Lax pair, see Dicky’s book [3] for detail. In particular, the characteristics of GD hierarchy, such as soliton solution, τ function, symmetry and additional symmetry, Bäcklund transformation, gauge transformations, etc., are discussed extensively in references.

There have been several generalizations of GD hierarchy in recent years. For example, matrix GD hierarchy [4],constraint KP hierarchy [5], supersymmetric GD hierarchy [6] and supersymmetric KP hierarchy [7], q-GD hierarchy [8] and q-KP hierarchy [9]. All generalizations for GD hierarchy have some integrable characteristics and can reduce to it in some extreme conditions. We would like to point out that the Bäcklund transformation and corresponding KW theorem have been given for generalized models [4, 6] and [10]–[12].

Recently, a new generalization of GD hierarchy, called noncommutative GD (ncGD) and KP (ncKP) hierarchy, was introduced by P. Etingof, I.M. Gelfand and V.S. Retakh [13]. They found the noncommutative multi-soliton solution by means of the quasi-determinant. Kupershmidt’s new book [14] developed a magnificent theory of the noncommutative KP hierarchy on noncommutative associative algebra. He succeeded in constructing the first hamiltonian structure and some important integrable characteristics of ncKP and ncGD hierarchy. However, the Bäcklund transformation for ncGD hierarchy is still unexplored. To understand deeply and entirely the integrable characteristics of a noncommutative system, it is worthwhile to study the Bäcklund transformation associated with the ncGD hierarchy. This is the first step to investigating the KW theorem of the ncGD and ncKP hierarchy.

The main purpose of this paper is to discuss the Bäcklund transformation of the ncGD hierarchy, and the Miura transformation between the ncGD and the ncMKdV hierarchy. After a brief review of ncGD hierarchy based on a n^{th} order differential operator with

– 1 – noncommutative coefficients as Lax operator, we show, in section 3, the ncMKdV hierarchy and the Miura transformation which result from the factorization of Lax operator for ncGD hierarchy. We will also show that the ncMKdV equations are invariant under cyclic permutation,and hence provide the Bäcklund transformation of the ncGD hierarchy. Our presentation follows closely the method of M. Adler [15]. The concluding remarks are given in section 4.

2. Noncommutative Gelfand-Dickey hierarchy

In this section we will follow [13] and [14] to give a brief review of the noncommutative Gelfand-Dickey hierarchy.

Let the differential algebra R be the algebra of polynomials in the non-commuting variables u^{(j)}_i : R = F ⟨ u^{(j)}_i ⟩ , i, j ∈ Z_+ , (2.1)

with the derivative ∂ acting on the generators of R by the rule ∂ ( u^{(j)}_i ) = u^{(j+1)}_i . (2.2)

Here u^{(j)}_i = ∂^j u_i/∂x^j . The field F will always be of characteristic zero. R is an associative (not necessary commutative ) algebra with unity. Let L, called Lax operator for ncKP hierarchy, L = ∂ + u_0∂^{−1} + u_1∂^{−2} + u_2∂^{−3} + · · · , (2.3)

be the formal Pseudo-differential operator whose coefficients belong to associative algebra R. The non-commutative KP hierarchy is defined by ∂L ∂t_m = [B_m, L] , B_m = L^m_+ , (2.4)

where for a pseudo-differential operator M = ∑ i<∞ X_i∂^i, and M_+ = ∑ i≥0 X_i∂^i, M_− = ∑ i<0 X_i∂^i.

For brevity we will write L^m_+ instead of (L^m)_+. It can be proven that the flows defined by equations (2.4) commute with each other.

The ncGD hierarchy can be reduced from the ncKP hierarchy by restricting its Lax operator to L^n_− = 0. Then ∂M ∂t_m = [M^{m/n}_+ , M] , M = L^n = ∂^n + ũ_{n−2}∂^{n−2} + ũ_{n−3}∂^{n−3} + · · · + ũ_1∂ + ũ_0 . (2.5)

The flows in (2.5) are called noncommutative Gelfand-Dickey hierarchy. Among these flows, the flows corresponding to m = nl, l ∈ Z_+, are trivial, but the other flows are nontrivial. For n = 2 the ncGD hierarchy is the noncommutative KdV(ncKdV) hierarchy. The first two nontrivial equations of this hierarchy are

u_{t1} = u_x , u_{t3} = 1 4 (u_{xxx} + 3uu_x + 3u_xu) . (2.6)

The second equation is the ncKdV equation.

– 2 –

3. Bäcklund transformation of ncGD hierarchy For convenience, we adjust notation of Lax operator and Lax equation for ncGD hierarchy as ∂L ∂t_m = [L^{m/n}_+ , L] , L = ∂^n + ũ_{n−2}∂^{n−2} + ũ_{n−3}∂^{n−3} + · · · + ũ_1∂ + ũ_0 . (3.1)

The existence of the factorization for a differential operator L with order n is given by P. Etingof, I.M. Gelfand and V.S. Retakh [13].

Lemma 1. [13] Differential operator given by eq.(3.1) admits factorization L = (∂ − v_{n−1})(∂ − v_{n−2}) · · · (∂ − v_0) (3.2) if_{n−1} ∑ i=0 v_i = 0 .

Hence, we have the Miura transformation ũ_i = Q(v_{n−1}, v_{n−2}, · · · , v_1, v_0) , (3.3) where Q is differential polynomial of Miura variables(noncommutative) v_i(i = 0, 1, . . . , n − 1). As we will see the v_i satisfy equations of ncMKdv hierarchy, so the Miura transformation is the relationship between the ncGD hierarchy and ncMKdV hierarchy. For example, n = 2,we have L = ∂^2 + ũ = (∂ − v)(∂ + v), then ũ = −v^2 + v_x as commutative case. The case of n = 3 will be given at the end of this section.

We can construct the parameterization of v_i, i = 0, 1, . . . , n − 1 as M.Adler [15]. Given the noncommutative functions W = W (x) = (w_1(x), w_2(x), . . . , w_{n−1}(x)), ω primitive n^{th} root of unity, let

W_0 = W = (w_1(x), w_2(x), . . . , w_{n−1}(x)), W_1 = ΩW = (ωw_1(x), ω^2w_2(x), . . . , ω^{n−1}w_{n−1}(x)), W_j = Ω^jW = (ω^j w_1(x), ω^{2j} w_2(x), . . . , ω^{(n−1)j} w_{n−1}(x)),

A_0 = A(W ) = ∂ + n−1∑ i=1 w_i , A_j = A(W_j ) L_j = A_{j−1}A_{j−2} . . . A_0A_nA_{n−1}A_{n−2} . . . A_j , j = 0, 1, 2, . . . , n − 1 . Lemma 2. There exists at least one W such that L_0 = L. Proof. In order to prove Lemma 2, consider the parameterization of L_0

L_0 = ( ∂ + n−1∑ k=1 ω^{(n−1)k}w_k ) ( ∂ + n−1∑ k=1 ω^{(n−2)k}w_k ) · · · ( ∂ + n−1∑ k=1 ω^kw_k ) ( ∂ + n−1∑ k=1 w_k )

and the factorization L_0 = (∂ − v_{n−1})(∂ − v_{n−2}) · · · (∂ − v_1)(∂ − v_0) .

– 3 –

We only need to show that there exists at least one set {w_i, i = 1, 2, . . . , n − 1} such that n−1∑ k=1 ω^{jk}w_k = −v_j(j = 0, 1, 2, . . . , n − 1). This can be expressed by the following form of matrix equation, 1 1 · · · 1 ω ω^2 · · · ω^{n−1} . . . . ω^{n−2} ω^{2(n−2)} · · · ω^{(n−1)(n−2)} ω^{n−1} ω^{2(n−1)} · · · ω^{(n−1)2} w_1 w_2 . . w_{n−1} = − v_0 v_1 . . v_{n−2} v_{n−1} (3.4)

Note that the matrix in the left hand side of equation above is not a square matrix but has dimensions n × (n − 1). In general this is an over-determined system. Nevertheless there exists one set {w_i, i = 1, 2, . . . , n − 1} which is a solution of the first n − 1 equations in eq. (3.4) because the corresponding (n−1)×(n−1) sub-matrix is non-singular. Furthermore, the last equation in eq. (3.4) is automatically satisfied n−2∑ i=0 v_i − n−1∑ k=1 ω^{k(n−1)}w_k = − n−2∑ i=0 n−1∑ k=1 ω^{ik}w_k − n−1∑ k=1 ω^{k(n−1)}w_k

= − n−1∑ i=0 n−1∑ k=1 ω^{ik}w_k = n−1∑ k=1 (_{n−1} ∑ i=0 ω^{ik} ) w_k = 0

because^{n−1} ∑ i=0 ω^{ik} = 0 . This completes the proof of the Lemma. □ To define the ncMKdV hierarchy reasonably, we need to analyse the properties of L_j.

Note L = L_0(W ), and its differential part is P = P (W ) = P_0(W ) = (L_0)^{m/n}_+ = L^{m/n}_+ . L_j is a differential operator with order n and its second highest term equals zero. Obviously, we have L_j(W ) = L_0(W_j), and the corresponding differential part P_j = P (W_j ) = (L_j )^{m/n}_+ . We define the operator

B_j = B_0(W_j ) = P_{j+1}A_j − A_j P_j , j = 0, 1, · · · , n − 1 , (3.5)

L̃_j = n−1∑ s=0 (A_{j−1}A_{j−2} · · · A_{s+1}B_sA_{s−1} · · · A_j ) . (3.6)

Lemma 3.

L̃_j = [P_j , L_j ] (3.7)

and the order of [P_j , L_j ] is n − 2.

Proof. By direct computation,

L̃_j = n−1∑ s=0 (A_{j−1}A_{j−2} · · · A_{s+1}B_sA_{s−1} · · · A_j )

= n−1∑ s=0 ((A_{j−1}A_{j−2} · · · A_{s+1}P_{s+1}A_sA_{s−1} · · · A_j ) − (A_{j−1}A_{j−2} · · · A_{s+1}A_sP_sA_{s−1} · · · A_j )) = P_j L_j − L_jP_j = [P_j , L_j ] . □

– 4 –

Lemma 4. Operators B_j = P_{j+1}A_j − A_jP_j are of order zero.

Proof. Let the order of operator B_j be t > 0, and B_0(W ) = b(W )∂^t +b̂(W )∂^{t−1} +· · ·. Then from the definition of L̃_0 and B_s, we deduce

L̃_0 = n−1∑ s=0 (A_{n−1}A_{n−2} · · · A_{s+1}B_sA_{s−1} · · · A_0)

= n−1∑ s=0 (∂ − v_{n−1}) · · · (∂ − v_{s+1})(b(W_s)∂^t + · · ·)(∂ − v_{s−1}) · · · (∂ − v_0)

= (_{n−1} ∑ s=0 b(W_s) ) ∂^{n+t−1} + E_0∂^{n+t−2} + lower order terms .

But L̃_0 is an n − 2 order operator, hence at least the two highest terms must cancel out. This implies n−1∑ s=0 b(W_s) = 0 , (3.8)

E_0 = n−1∑ s=0 (n − s − 1)b_x(W_s) + n−1∑ s=0 b̂(W_s) −^{n−1} ∑ s=0 ( ∑ r<s v_rb(W_s) + ∑ r>s b(W_s)v_r ) = 0 . (3.9)

If we consider L̃_k obtained by the cyclic permutation W_0 → W_k from L̃_0, the more general identity for the second highest term is

E_k = n−1∑ s=0 (n−s−1)b_x(W_{s+k})+ n−1∑ s=0 b̂(W_{s+k})−^{n−1} ∑ s=0 ( ∑ r<s v_{r+k}b(W_{s+k}) + ∑ r>s b(W_{s+k})v_{r+k} ) = 0 . (3.10) As in the commutative case, it is very clear that the^{n−1} ∑ s=0 (n − 1)b_x(W_{s+k}) and^{n−1} ∑ s=0 b̂(W_{s+k}) in (3.10) are independent of k. Note that there is distinct difference between the noncommutative and commutative cases as can be seen by considering the last term in (3.10). It is not obvious that this term is independent of k. It can be proved, however, by Lemma 5. So the remaining term^{n−1} ∑ s=0 sb_x(W_{s+k}) in (3.10) does not depend on k, and so is^{n−1} ∑ s=0 sb(W_{s+k}). Assume k = 1 without loss of the generality, and we have 0 = n−1∑ s=0 sb(W_s) − n−1∑ s=0 sb(W_{s+1}) = ( b(W_1) + 2b(W_2) + · · · + (n − 2)b(W_{n−2}) + (n − 1)b(W_{n−1}) ) − − ( b(W_2) + 2b(W_3) + · · · + (n − 2)b(W_{n−1}) + (n − 1)b(W_0) ) = b(W_1) + b(W_2) + · · · + b(W_{n−2}) + b(W_{n−1}) − (n − 1)b(W_0) = −nb(W_0)

and so b(W_0) = 0. We used the^{n−1} ∑ s=0 b(W_s) = 0 in the last step. Similarly, b(W_j ) = 0. This contradicts our assumption. Thus B_j(W ) are of order zero. □

– 5 –

Lemma 5. The third part in (3.10) is independent of k. Proof. We calculate directly the third part of the second highest term in L̃_k = ∑_{n−1} s=0 (A_{k−1} × A_{k−2} · · · A_{s+1}B_sA_{s−1} · · · A_k) denoted by L̃_k(3) instead of the third part in equation (3.10). InL̃_k(3), B_s contributes the highest term b(W_s)∂^t, one of the A_i offers its the second highest term −v_i and all the others of A_j(j ≠ i) offer their highest term ∂. So we can get L̃_0(3) = L̃_0(3, b_0) + L̃_0(3, b_1) + · · · + L̃_0(3, b_k) + · · · + L̃_0(3, b_{n−1}) = − (v_{n−1} + v_{n−2} + · · · + v_2 + v_1)b_0 −

− (v_{n−1} + v_{n−2} + · · · + v_2)b_1 − b_1v_0 − . . −(v_{n−1} + v_{n−2} + · · · + v_{k−1})b_{k−2} − b_{k−2}(v_{k−3} + · · · + v_1 + v_0) − − (v_{n−1} + v_{n−2} + · · · + v_k)b_{k−1} − b_{k−1}(v_{k−2} + · · · + v_1 + v_0) − − (v_{n−1} + v_{n−2} + · · · + v_{k+1})b_k − b_k(v_{k−1} + v_{k−2} + · · · + v_1 + v_0) − − (v_{n−1} + v_{n−2} + · · · + v_{k+2})b_{k+1} − b_{k+1}(v_k + v_{k−1} + · · · + v_1 + v_0) − . . − v_{n−1}b_{n−2} − b_{n−2}(v_{n−3} + v_{n−4} + · · · + v_1 + v_0) − − b_{n−1}(v_{n−2} + v_{n−3} + · · · + v_1 + v_0) , and L̃_k(3) = L̃_k(3, b_k) + L̃_k(3, b_{k+1}) + · · · + L̃_k(3, b_{n−1}) + L̃_k(3, b_0) + · · · + L̃_k(3, b_{k−1}) = − (v_{k−1} + v_{k−2} + · · · + v_1 + v_0 + v_{n−1} + v_{n−2} + · · · + v_{k+1})b_k − − (v_{k−1} + v_{k−2} + · · · + v_1 + v_0 + v_{n−1} + v_{n−2} + · · · + v_{k+2})b_{k+1} − b_{k+1}v_k − . . − (v_{k−1} + v_{k−2} + · · · + v_1 + v_0 + v_{n−1})b_{n−2} − b_{n−2}(v_{n−3} + v_{n−4} + · · · + v_k) − − (v_{k−1} + v_{k−2} + · · · + v_1 + v_0)b_{n−1} − b_{n−1}(v_{n−2} + v_{n−3} + · · · + v_k) − − (v_{k−1} + v_{k−2} + · · · + v_1)b_0 − b_0(v_{n−1} + v_{n−2} + · · · + v_k) − − (v_{k−1} + v_{k−2} + · · · + v_2)b_1 − b_1(v_0 + v_{n−1} + v_{n−2} + · · · + v_k) − . . − v_{k−1}b_{k−2} − b_{k−2}(v_{k−3} + · · · + v_1 + v_0 + v_{n−1} + v_{n−2} + · · · + v_k) − − b_{k−1}(v_{k−2} + · · · + v_1 + v_0 + v_{n−1} + v_{n−2} + · · · + v_k) .

In the above, L̃_k(3, b_s) denotes one term in L̃_k(3) which contains b(W_s). It is a useful way to compare terms involving b(W_i)(i = 0, 1, 2, . . . n − 1) in L̃_0 and L̃_k,respectively. By direct observation from explicit forms of L̃_0(3) and L̃_k(3) above, we obtain ( L̃_0 − L̃_k ) (3, b_s) = −[b(W_s), v_{k−1} + v_{k−2} + · · · + v_0] , (s = k, k + 1, . . . , n − 1), (3.11) ( L̃_0 − L̃_k ) (3, b_s) = −[v_{n−1} + v_{n−2} + · · · + v_k, b(W_s)] , (s = 0, 1, 2, . . . , k − 1) . (3.12)

– 6 –

Hence it implies

L̃_0(3) − L̃_k(3) = −[b(W_k) + b(W_{k+1}) + · · · + b(W_{n−1}), v_{k−1} + v_{k−2} + · · · + v_0] + + [b(W_0) + b(W_1) + · · · + b(W_{k−1}), v_{n−1} + v_{n−2} + · · · + v_k] .

Note that the right hand side of above equation does indeed equal zero because of^{n−1} ∑ s=0 b(W_s) = 0 and^{n−1} ∑ s=0 v_s = 0. This proves Lemma 5. □ We are now in a position to discuss the Bäcklund transformation of the ncGD hierarchy.

Here, we define ncMKdV equations as dA_j dt_m = − dv_j dt_m ≡ B_j(W ) = P_{j+1}A_j − A_j P_j , j = 0, 1, 2, . . . , n − 1 , (3.13)

for the variables t_m(m = 1, 2, . . . , n − 1). We still need to think whether the definition of dv_j dt_m is reasonable from the point of view of Lax equation eq. (3.1) although Bj has been

proved to be a differential operator of order zero.

Lemma 6. (i) The flows defined in eq.(3.13)are compatible with Lax equation eq.(3.1). (ii) The ncMKdV equations are invariant under cyclic permutation Ω:v_0 → v_1, v_1 → v_2, v_2 → v_3, . . . , v_{n−1} → v_0.

Proof. (i) ∂L ∂t_m = n−1∑ j=0 A_{n−1}A_{n−2} · · · ∂A_j ∂t_m A_{j−1} · · · A_0 .

Using the equation (3.13)and the proof of the Lemma 3, it is follows that ∂L ∂t_m = n−1∑ j=0 A_{n−1}A_{n−2} · · · B_jA_{j−1} · · · A_0 = L̃_0 = [P, L] .

Here P = L^{m/n}_+ .

(ii) It is reduced directly from its flows^{dvj}_{dtm} ≡ −B_j(W ). □ Then we can present the following results concerning the Bäcklund transformation of ncGD hierarchy.

Theorem 1. The cyclic permutation Ω generates the Bäcklund transformation of ncGD hierarchy.

Proof. We just need to check that the Lax equation (3.1) is invariant under the cyclic permutation as follows. With the help of the definition of L_j, equation (3.6) and Lemma 3,

– 7 – we have ∂L_j ∂t_m = ∂ ∂t_m A_{j−1}A_{j−2} · · · A_0A_{n−1}A_{n−2} · · · A_j = n−1∑ s=0 ( A_{j−1}A_{j−2} · · · A_{s+1} ∂A_s ∂t_m A_{s−1} · · · A_j )

= n−1∑ s=0 (A_{j−1}A_{j−2} · · · A_{s+1}B_s(W )A_{s−1} · · · A_j ) = L̃_j = [P_j , L_j ] .

This concludes the proof of the theorem. □ In fact we can regard the process to Bäcklund transformation discussed above as following four steps:

• factorize L into n first order operators ∂ − v_i(Lemma 1),

• parameterize v_i so that^{n−1} ∑ k=0 v_k = 0(Lemma 2),

• define equation of^{∂vi}_{∂t} = B(v_0, v_1, . . . , v_{n−1})(Lemma 6 with help of Lemma 3–5) • prove^{∂vi}_{∂t} to be invariant under cyclic permutation(Lemma 6).

At last, we would like to present one example to illustrate this approach. Consider the noncommutative Gefand-Dickey hierarchy of order 3. Its factorization is L = ∂^3 + u_1∂ + u_0 = (∂ − v_2)(∂ − v_1)(∂ − v_0) , (3.14) and the Miura transformation u_1 = −2v_{0x} − v_{1x} − v^2_0 − v_0v_1 − v^2_1 , (3.15) u_0 = −v_{0xx} − v_0v_{0x} + v_{1x}v_0 − (v_1 + v_0)v_1v_0 . (3.16) Their parameterizations are v_0 = w_1 + w_2 , v_1 = w_1e^{i2π/3} + w_2e^{i4π/3} , v_2 = w_1e^{i4π/3} + w_2e^{i8π/3} , and ω = e^{i2π/3}. So we can do cyclic permutation Ω:v_0 → v_1, v_1 → v_2, v_2 → v_0, and then get L_1 = ∂^3 + ũ_1∂ + ũ_0 = (∂ − v_0)(∂ − v_2)(∂ − v_1) , (3.17) ũ_1 = v_{0x} − v_{1x} − v^2_1 − v_0(v_1 + v_0) , (3.18) ũ_0 = −v_{1xx} − v_1v_{1x} − v_{1x}v_1 − v_{0x}v_1 − v^2_0v_1 − v_0v^2_1 . (3.19) According to the Theorem above, the transformation: (u_1, u_0)−→ (ũ_1, ũ_0), is one Bäcklund transformation for noncommutative Gelfand-Dickey hierarchy. A non-trivial factorization for a third order differential operator was done by Fordy and Gibbons in [20]. We will discuss more details of its non-commutative analogue in another paper.

– 8 –

4. Concluding remarks

In this paper we define the ncMKdV hierarchy (3.13) and the Miura transformation (3.3) by factorizing the Lax operator (3.1) of the ncGD hierarchy. Based on the invariance of the ncMKdV under cyclic permutation, the Bac̈klund transformation L → L_j of ncGD hierarchy is given as the Theorem.

It is well known that the factorization of the Lax operator for the usual GD hierarchy leads to a decomposition of its second Poisson bracket, called KW theorem [2, 16]. This theorem has been generalized to KP hierarchy [10] and the supersymmetric KP hierarchy [11]. So we are interested in asking whether there exists non-commutative analogue of the KW theorem for the noncommutative GD and KP hierarchy. We know that the hamiltonian theory [14] of the noncommutative integrable system is not at all easy. On the other hand, it is an interesting problem to solve the ncGD and ncKP by gauge transformation, because the gauge transformation is an efficient way to solve KP and constraint KP [17]–[19]. We hope we can answer these questions in the near future.

Acknowledgments

This work was supported by the 973 project for “Nonlinear Science” and the National Natural Science Foundation of China(10101025,10301030). Jingsong He would like to thank the University of Sydney and the University of Warwick where part of this work was realized. We also thank very much the anonymous referee for his valuable suggestions.

References

[1] I.M. Gelfand and L.A. Dickey, Fractional pwoers of operators and Hamiltonian systems, Funct. Anal. Appl. 10 (1976) 259

[2] M. Adler, On a trace functional for formal pseudo differential operators and the symplectic structure of the Korteweg-De Vries equation, Invent. Math. 50 (1979) 219

[3] L.A. Dickey, Soliton equations and hamiltionian systems, World Scientific, Singapore,1991.

[4] A. Bilal, Nonlocal matrix generalizations of W -algebras, Commun. Math. Phys. 170 (1995) 117, [hep-th/9403197].

[5] Y. Cheng, Constraints of the Kadomtsev-Petviashvili hierarchy, J. Math. Phys. 33 (1992) 3774.

[6] J.M. Figueroa-O’Farrill and E. Ramos, W -superalgebras from supersymmetric lax operators, Phys. Lett. B 262 (1991) 265.

[7] Y.I. Manin and A.O. Radul, A supersymmetric extension of the Kadomtsev-Petviashvili hierarchy, Commun. Math. Phys. 98 (1985) 65.

[8] L. Haine and P. Iliev, The bispectral property of a q-deformation of the Schur polynomials and the q-KdV hierarchy, J. Phys. A 30 (1997) 7271

[9] P. Iliev, Tau function solutions to a q-deformation of the KP hierarchy, Lett. Math. Phys.

44 (1998) 187.

– 9 –

[10] Y. Cheng, Modifying the KP, the nth constrained KP hierarchies and their hamiltonian structures, Commun. Math. Phys. 171 (1995) 661

[11] J.S. He and Y. Cheng, The KW theorem for the SKP hierarchy, Phys. Lett. B 449 (1999) 194 [12] M.H. Tu and C.R. Lee, On the q-deformaed modified Korteweg-de Vries hierarchy, Phys.

Lett. A 266 (2000) 155

[13] P. Etingof, I.M. Gelfand and V.S. Retakh, Factorization of differential operators, quasideterminants, and nonabelian Toda field equations, Math. Res. Lett. 4 (1997) 413 [q-alg/9701008]; see also Nonabelian integrable systems, quasideterminants, and Marchenko lemma, q-alg/9707017.

[14] B.A. Kupershmidt, KP or mKP, American Mathematical Society, Providence, R.I., 2000.

[15] M. Adler, On the backlund transformation for the Gel’fand-Dickey equations, Commun.

Math. Phys. 80 (1981) 517.

[16] L.A. Dickey, A short proof of a Kupershmidt-Wilson theorem, Commun. Math. Phys. 87 (1982) 127.

[17] L.L. Chau, J.C. Shaw and H.C. Yen, Solving the KP hierarchy by gauge transformations, Commun. Math. Phys. 149 (1992) 263.

[18] L.L. Chau, J.C. Shaw, M.H. Tu, Solving the constrained KP hierarchy by gauge transformations, J. Math. Phys. 38 (1997) 4128

[19] J.S. He, Y.S. Li, Y. Cheng, The determinant representation of the gauge transformation operators, Chin. Ann. of Math. B 23 (2002) 475.

[20] A.P. Fordy, J. Gibbons, Some remarkable nonlinear transformations, Phys. Lett. A 75 (1980) 325.

– 10 –